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1 Introduction 

Let M be a manifold of dimension 8, and let O be a 4-form which defines 
an almost 5pm(7)-structure on M. An 0-anti-self-dual instanton is a con- 
nection A on a vector bundle over M such that the curvature Fa satisfies 



Fa + *{n A Fa) = 0. (1) 

If M is an almost Calabi-Yau manifold, then the 4-form Vt can be written 
as 

= 4Re(^) + ^^2, 

where oj G Q}-''^{M) denotes the symplectic form and 6 G QP''^{M) is the 
complex volume form. The complex volume form induces an anti-linear 
involution *e : ^^^'^(M) f]°'2(M). Then the anti-self-duality equation (1) 
is equivalent to 

^7-^ = (2) 

and 

(1 + *,)F°'2 = 0. (3) 
The space of 2-forms splits as a direct sum 

h?TM = K\TM e TM, (4) 
where 

K\TM = {99 G A^M : 3(/9 - A 99) = 0} (5) 

and 

h?_TM = {ipek^M ■.ip + *{^l^ip) = {)]. (6) 



Note that k\M is a vector space of dimension 7 and A?_(M) is a vector 
space of dimension 21. Let P+ and P_ be the projections associated to the 
sphtting (4). This imphes 

and 

P-^ = \{?.^-*{^^^)). 

We denote by Vl\{M) the space of sections of the vector bundle A^TM. 
Similarly, J7?.(M) is the space of sections of the vector bundle A^TM. 

If Q, is closed, then the anti-self-duality equation (1) implies the Yang-Mills 
equation D\Fa = 0. 

The equations (1),(2) generalize the anti-self-dual equations in dimension 4 
(see e.g. 01221)) and have been studied by various authors, including S. 
K. Donaldson and R. P. Thomas jHUMI, L- Baulieu, H. Kanno, and I. M. 
Singer J. Chen [5^, and G. Tian [^. These submanifolds are also of 
considerable interest in mathematical physics. 

G. Tian constructed a compactification of the moduli space of il-anti-self- 
dual instantons over M. He proved that every sequence A^^ of il-anti-self- 
dual instantons over M has a subsequence, still denoted by A^, such that 

lim / c2{Ak)^^= / c2[A^)^i^+ e^j, 
fc^oo Jm Jm Js 

where C2 denotes the 4-form representing the second Chern class of the bun- 
dle, and ijj is a smooth 4-form on M. Furthermore, A^o is a il-anti-self-dual 
instanton which is smooth outside a set of vanishing TY^-measure. Further- 
more, /S is a Cayley submanifold, i.e. a submanifold calibrated by the 4-form 
Q. Cayley submanifolds were studied by R. Harvey and H. B. Lawson jUj. 
There is a rich class of examples. For instance, this class contains as limiting 
cases the holomorphic subvarieties and the special Lagrangian submanifolds 
of M. Special Lagrangian submanifolds have been studied extensively, see 
e.g. ^01 . Cayley submanifolds play a role in high-energy physics, see for 
example jl]. 

Our aim in this paper is to construct smooth complex anti-self-dual instan- 
tons such that the energy density |-FaP is concentrated near a given Cayley 
submanifold S. 
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In the first step, we construct a suitable family of approximate solutions. 
To this end, we assume that the normal bundle NS can be endowed with 
a complex structure J and a complex volume form u. Each approximate 
solution is described by a set {v, A, J, w), where v is a section of the normal 
bundle of 5, A is a positive function on S, and (J, oj) is a SU (2)-structure 
on NS. The covariant derivative of the pair (J, uj) can be described by a 
1-form 9 with values in the Lie algebra A'^NS. 

The covariant derivative of the 4-form J7 can be written in the form 

8 
k=l 

where a is a 1-form with values in A^TM. 

We consider the elliptic complex 

d P+d 

— >Q°(M) — > n^{M) — > nl{M) — >o. 

The first and the second cohomology groups associated to this elliptic com- 
ples are H^{M) and H^{M). The third cohomology group is denoted by 
Hl{M). 



Theorem 1.1. Suppose that H^{M) = 0. Then, for each e > 0, there exists 
a mapping whch assigns to each set of glueing data {v,X,J,u;) G C'^'^{S) 
a section of the vector bundle V ®W of class C'^{S) such that the following 
holds. 

(i) If {v,X,J,uj) is a set of glueing data such that 

h\\c^,t{S) < -f^) 
||A||ci,7(s) < K, inf A > 1, 
\\{J,u;)\y,.(^S)<K, 
then we have the estimate 



Ee{v,X,J,uj) 

- 4 ( proj y ( XI '^^^^'^ + "^'^'^ ® ^k) > 

4 

proj w ( XI ^'^'^ ^'-^ ^l"^ + ^^'''l + "^'^'') ej (8) Cfe (8) 



CT(S') 
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(ii) If Es{v, X, J,io) = 0, then the approximate solution A corresponding to 
{v, A, J, w) can be deformed to a nearby connection A satisfying + *{p, A 

Fa) = 0- 

In Section 2, we study the mapping properties of a model operator on R^. 

In Section 3, we construct a family of approximate solutions of the Yang- 
Mills equations. More precisely, given any set of glueing data (v,X,J,uo) 
satisfying 

1^1101.7(5) < K, 
||A||ci,7(5) < K, inf A > 1, 
\\{J,u;)\\ci,.(^s) < K, 
we construct a connection A such that 

\\FA + *{nAFA)\\c2iM)<Ce\ 
Here, the weighted Holder space CiJ(iVf) is defined as 
ll"IIC(M) = sup (e + dist(p, S)y \u{p)\ 

+ sup {e + dist(^>i, S) + dist(p2, 5))-+7M^llz^ 

4dist(pi,p2)< dlSt(pi,P2) 

e+dist(pi,5)+dist(p2,5) 

In Section 4, we derive estimates for the linearized operator which are inde- 
pendent of e. 

In Section 5, we apply the contraction mapping principle to deform the 
approximate solution A to a nearby connection A = A + a such that 

(I-P)(F^ + *(^7AF^)) = 0, 

where (I — IP) is the fibrewise projection from Cj(M) to the subspace Q2{M). 
In particular, if the balancing condition 

P(F^ + *(J1AF^))=0 

is satisfied, then A is an J7-anti-self-dual instanton. 

In Section 6, we calculate the leading term in the asymptotic expansion of 

P(F^ + *(17AF^)) = 0. 
This concludes the proof of Theorem 1.1. 

The author is grateful to Professor Gerhard Huisken and Professor Gang 
Tian for discussions. 
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2 The model problem on 

The ^^^^(Tj-structure on is given by 

Q = -ei A 62 A e;]*- A - ei A 62 A A ef - 63 A 64 A e]^ A 62 

- 63 A 64 A 63 A 6f + 61 A 63 A 6^ A 6f - 61 A 63 A 6;j'" A 6^ 

- 62 A 64 A 6^ A 6f + 62 A 64 A 6;j'" A 6^ - 61 A 64 A 6^ A 6^ 

- 61 A 64 A 6]^ A 6f - 62 A 63 A 6^ A 6^ - 62 A 63 A 6;j'" A 6f 
+ 61 A 62 A 63 A 64 + 6]^ A 6^ A 6^ A 6f . 

Hence, the 2-forms 

61 A 62 + 63 A 64 — 6;]*" A 6^ — 6^ A 6^, 
61 A 63 — 62 A 64 — 6;]*" A 6^ + 6^ A 6^ , 
61 A 64 + 62 A 63 — 6;]*" A 6^ — 6^ A 6^ , 
61 A 6;j'" + 62 A 6^ + 63 A 6^ + 64 A 6f , 
61 A 6^ — 62 A 6]^ — 63 A 6^ + 64 A 6^ , 

61 A 6jj" + 62 A 6^ — 63 A 6]*" — 64 A 6^ , 

61 A 6^ — 62 A 6^ + 63 A 6^ — 64 A ei 
form a basis for A^M^. 

Let now ii^ be a Cayley subspace of M^, i.e. a subspace caHbrated by Q. The 
group Spin{7) acts transitively on the set of Cayley subspaces and leaves the 
4- form invariant (cf . fOl ) . Hence, we may assume without loss of generality 
that E is spanned by {6i : 1 < i < 4} and is spanned by {ef- : 1 < i < 4}. 

We define two vector spaces V C E ^ E^ and W d E ® E^ ® E-^ over the 
submanifold S. The following elements form a basis for V: 

61 6]*" + 62 (8) 62 + 63 (g) 63 + 64 (g) 6f , 

61 6^ - 62 (8) 65^ - 63 6f + 64 (g) 6^, 
61 6^ + 62 6f - 63 (g) 6]^ — 64 (g) 6^, 
61 (g) 6^ — 62 (g 63 + 63 (g 6^ — 64 (g) ei- 

The following elements form a basis for W: 

61 (g) {ei (g) 6]^ + 6^ 6^ + 63 (g) 6^ + 6f (g 6f ) 
+ 62 (g (6^ (g 6]^ — 6]^ (g) 6^ + 6^ (g) 63 — 63 (g) 6^ ) 
+ 63 (g (6^ (g 6]^ - 6f (g) 6^ - 6]*" g) 63 + 62 (g) 6f ) 
+ 64 g) (6^ g) 6]^ + 63 (g) 6^ - 6^ (g) 63 — 6]^ (g) 6f ), 
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ei (g) (8) ei - ei (g) 62 + ef (g) 63 - 63 (g) ef ) 

- 62 (g) (e^ «) + 6 2- cg^ 6^ + 63 (g 63 + c4 (8) ef ) 

- 63 (g) (ef (g) ej; + g) 62 - (g - (g) ef ) 
+ 64 (g) (ej]- (g) e;,^ - ef (g) 6^ - 6]^ g) 63 + 6^ (g) ef ), 



61 (6^ (g) 6^ — 6^ (g) 6^ — 6^ (g) 6^ + 6^ (g) 6^) 
+ 62 (g) (ef (g 6]*" + 6^ (g) 6^ — 6^ (g 6^ — 6^ (g) ef ) 

- 63 (g (e^ (g 6]^ + 6^ (g 6^ + 6^ (g 6^ + ef (g) ef ) 

— 64 (g) (e^ (g 6]*" — (g) 6^ + 6^ (g 6^ — 6^ (g ), 

61 (g) (6^ (g) 6]*" + 6^ (g 6^ — 62 (g) — 6]*" (g ef ) 

— 62 (g (e^ (g 6]*" — ef (g 6^ — 6^ (g 6^ + (g) ef ) 
+ 63 (g (e^ (g 6]*" — e^*" (g) + 6^ (g 6^ — 6^ (g) ef ) 

- 64 (g) (e^ (g 6]*- + 6^ (g) 6^ + 6^ (g 6^ + ef (g ef ). 

Let S be a connection which is invariant under translations along E and 
agrees with the basic instanton along E^. More precisely, we define 



B{ei) 

where 



-y2'^ - yz) - Vi^ 

e2 + |y|2 

£2 + |y|2 ' 



i(e^) = 




i{ei) = ei, 


i{ei) = ei. 


Kei) = 


-ei. 


j(e^) = 


-eh 


j{ei) = -ei. 


Kei) = ei. 


Kei) - 


- ei. 


l{ei) = 


-ei, 


Kei) = ei, 


Kei) = -ei. 


, Kei) 


= ei 



Furthermore, B{ei) = for 1 < i < 4. 

The linearized operator Lb : O^(M^) O^(M^) is given by 

hsa = 2P+DBa. 
The adjoint operator : O^(M^) Q.^{R^) is given by 
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We define the weighted Holder space Cj(]R ) by 

II^IIC(M8) = SUp(£+ \u{x,y)\ 

+ sup 

4(|xi-X2|+|2/i-2/2|)< IFl - a;2| + ll/l - J/2|j ' 

More generally, we define 

k 
1=0 



Let ^^^(M®) be the set of all (p G J^^(M^) such that (p G C^^(M^), and 
for all X G s G and t eW. 



We first derive a Weitzenbock formula for the operator L^L^ : ^'^y 
r2^(]R^). We shall need two algebraic facts which can be verified by direct 
calculation. For simplicity, let 65 = e^, ee = e^, ey = e^, eg = 64". 



Lemma 2.1. For every ip G A^R^, we have 
2 P+ (gfc A {iei ip)+eiA (igfc <p)) = (^iti ip- 

Lemma 2.2. For e?;er7/ tp G A^R^, ti>e /taue 

8 

v.] G A^R«. 

A;,i=l 

Proposition 2.3. The operator 1^b^*b satisfies the Weitzenbock formula 

4 

LsL^^ = V:^Vb¥p - 2 ^ a [Feiei ,e^),i^^ip] 

k,l=l 

for every </? G r^j 
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Proof. For every 99 G i7^(M®), we obtain 

8 

ADbD*b^ = -4 ^ efe a {iei DB,ekDB,ei^) 
k,l=l 
8 

= -2 XI (^fc ^ (^e, DB,ej,DB,ei^) + 6; A (Ze, D b ,e^D b ,eiip)) 
k,l=l 
8 

- 2 X efe A (ie, iDB,ekDB,ei^ - D b ,eiD b ^Ck'P)) 
k,l=l 

8 

= -2 X] (^'^ ^ (^^i DB,ekDB,eiV) + 6; A (ig, D b ,ekD B ,ei'P)) 
k,l=l 
8 

-2 X Cfc A [FB(efc,ei),Ze;<^]. 

fe,/=i 

Since v? G ri^(M'^) and Q. is parallel, it follows that DB,ekDB,ei<P G ri^(M^). 
Using Lemma 2.1, we obtain 

2 P+ (Cfe A (ie, DB,ekDB,ei^) + ei ^ {le^ D b ,ekD B ,ei^)) = hi DB,ekDB,ei^- 

Prom this it follows that 

8 

4.P+DbD*b^ = V*bVb^-2Y, P+{ek^[FB{,ek,el),ieM)■ 

k,l=l 

Moreover, Lemma 2.2 implies that 

8 

X Cfe A [FB{ek,ei),ieM G nl{R^). 

k,l=l 

Thus, we conclude that 

8 

4P+DBD*Bip = V*BVB^-2Y^ ekA[FBiek,ei),ieM- 

k,l=l 

This proves the assertion. 

Proposition 2.4. Suppose that ijj G G^+i^i^^) compact support. Then 
there exists some ip G such that 

and 

L,b^bV> = V'- 
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Proof. Since tj^ G r2^(M*), we may write 

■0 = (ei A 62 + 63 A 64 - e]^ A - A 6^ ) (gi 52 
+ (ei A 63 - 62 A 64 - 6]^ A 6^ + 6^ A 64) (g) gs 
+ (61 A 64 + 62 A 63 — 6]^ A 6^ — 6^ A 6^) (g) 5^4 
+ (61 A 6]^ + 62 A 6^ + 63 A 63 + 64 A 6f ) (g) S'j'- 
+ (61 A 6^ - 62 A 6;]*- - 63 A 6f + 64 A 6^) (g) §2 
+ (61 A 63 + 62 A 6f - 63 A 6]^ - 64 A 6^) (g 5;^ 
+ (61 A 6f - 62 A 6^ + 63 A 62 - 64 A Ci) g) 5^ , 

where gj,gf G C3_,_^,(M'^). Furthermore, since € t/3_^^(M'^), we deduce that 

r 4 

for all X G and all vector fields of the form 

X = ewke-t + fiVkei + r^i yi e^. 
Using Corollary 3.6 in we can find /j, // G Cl2^{M?) such that 

and 

4 

VIjVb// - 2 J;[Fb(6|,6^),/,^] =5/ 
fc=i 

and 

for all X G and all vector fields of the form 

X = ewkc-^ + fiVkei + r^i yi . 
We now define 



if = 


(61 A 62 + 63 A 64 


- 61 A 62 - 63 A 6f ) 


® /2 


+ 


(61 A 63 - 62 A 64 


- 6]*- A 63 + 6^ A 6f ) 




+ 


(61 A 64 + 62 A 63 


- 6]*" A 6f - 6^ A 63 ) 


X)/4 


+ 


[ei A 6]*" + 62 A 6^ + 63 A 6j|" + 64 A 6^ ) 




+ 


[ei A 6^ — 62 A 6]^ 


- 63 A 6f + 64 A 63 ) 




+ 


(61 A 6^ + 62 A 6f 


— 63 A 6;]*" — 64 A 6^ ) 




+ 


(61 A 6f - 62 A 63 


+ 63 A 6^ — 64 A 6]^) 
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Then ^ G QI'^^{^^), and 

by Proposition 2.3. This proves the assertion. 

Corollary 2.5. Suppose that tp € has compact support. Then 

there exists a 1-form a G C2^j^{^^) such that 

and 

Lga = ■0. 

Proof. By Proposition 2.4, there exists some G Ol'^jji^) such that 
and 

Let a = L^(^. Then a G C24!'^(M®) satisfies 
and 

This proves the assertion. 

Proposition 2.6. Let < < 1. Suppose that ip G is supported 

in the set {{x,y) G : \x\ < 6, \y\ < 26^}. Then there exists a 1-form 
a G Cl2u0^^) such that a is supported in {{x,y) G : |x| < 26, \y\ < 26'^}, 

ll^llci^'JMS) < C'llV'llcS'+JffiS) 

and 

W^Ba - V'llc^^^({(a;,j/)eIR8.|2^|<254}) < C 5 \\lp\\q^^(js^8), 

and 

W^Ba - tpllq^^i^S) < C|log(5|"^ llV'llcg^JRS)- 
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Proof. By Corollary 2.5, there exists a 1-form a G C\'^^{E?) such that 
Mcl'^^i^^) ^ C'IIV'IIC3V(M8) 

and 

L^a = V'- 

Let C be a cut-off function on E such that C,{x) = 1 for |x| < 5, C,{x) = for 
\x\ > 2(5, and 

sup 5 |VC| < C. 

Furthermore, let r/ be a cut-off function on E-^ satisfying ■q{y) = 1 for 
\y\ < 2(5^, r]{y) = for \y\ > 2(5^ and 

sup |y||Vr?| <C|log(5|-^ 

Then we have the estimates 

II^Callci^^JRS) < C'IIV'llcT'+„(R8) 

and 

|LB(Ca) - V'llc.7_^J{(z,y)e]R8:|2/|<254}) 
= l|lLB(Ca) ~ C^Ba\\e2_^^(^{(x,y)eR^:\y\<2S*}) 

< CS\\a\\c^^^(^8) 

and 

|Lij(??Ca) - V'llcg^^(RB) 
<C\log5\-^ l|a|!c2\jM8) 

<C|log5|-l||V'||c3^^_^(K8). 

Prom this the assertion follows. 

3 Construction of the approximate solutions 

In this section, we outline the construction of a certain class of approximate 

solutions. To this end, we assume that the normal bundle NS can be en- 
dowed with a S'C/(2)-structure {J,uj). Here, J is a complex structure and co 
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is a complex volume form on NS. 



Let V' = V + be a connection on the normal bundle NS such that 9 is a 1- 
form with values in the Lie algebra A'^NS and (J, u) is parallel with respect 
to the connection V'. The 1-form is uniquely determined by the covariant 
derivative of the pair {J,u) with respect to the Levi-Civita connection V. 
Since { J,uj) is parallel with respect to V', the connection induced by V' on 
the bundle A\NS is flat. 

The connection V' induces a splitting of the tangent space TNS into hori- 
zontal and vertical subspaces. Let {e- : 1 < i < 4} be an orthonormal basis 
for the horizontal subspace with respect to V', and let {ej- : 1 < j < 4} be 
a SU{2) basis for the vertical subspace. 

In the first step, we define a connection on the pull-back bundle tt*NS of 
the normal bundle under the natural projection tt : NS —>■ S. Since we may 
identify a neighborhood of iS in M with a neighborhood of the zero section 
in NS, this gives a connection on a small neighborhood of S in M. In the 
second step, we show that this connection can be extended to the whole of 
M using suitable cut-off functions. 

The glueing data consist of a set (v, A, J, a;), where w is a section of the normal 
bundle NS, A is a positive function on 5, and (J, lo) is a SU{2) structure on 
the normal bundle NS. Let {i, be a basis for the Lie algebra su(A'^>S') 
such that 



i(e^) = -ei, 


= , 


k4) = 4, 


Kei) = 


-4, 


Kei) = -ei, 




iiei) = 4, 


K4) 


= 4, 


t{ei) = -ef, 


= 4, 


K4) = -4 


, K4] 


^ = 4 



We consider a connection of the form Da = 'V'+A. The vertical components 
of A are defined by 

A{ei) 



-{y 


-ev)2i- {y - ev)3) - {y 


— ev)^ t 




e^A^ + \y — £v\'^ 




{y- 


£v)ii- {y - £v)4j + {y- 


£V)31 




£^A^ + \y — £vp 




(y- 


ev)4\+ {y-ev)i) - {y - 


£v)2t 




e^A^ + \y — £v\'^ 




-{y 


- £v)3 \+{y- £v)2 ] + {y 


-ev)il 


e^A^ + \y — £f p 



Since the basic instanton on is 5[/(2)-equivariant, this definition is in- 
dependent of the choice of SU (2)-frame {ej- : 1 < j < 4}. Furthermore, the 
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horizontal components of A are defined by 



A{4) = -e V'iVk A{ei) - A'^ V,A {y - ev)k A{ei) 



for 1< z < 4. 



Lemma 3.1. The curvature of A is given by 



and 



FA{e'i,e'j) = (^sV'iVk + X-^ViXiy-sv)k) 

■ (e V'jVi + A-i ViX {y - ev)i^ FA{ei, e^) 
+ Cij + A{Cij{y-ev)), 



where Cij G A^NS is the curvature of the connection V'. 

If {ej : 1 < i < 4} is an orthonormal basis for the horizontal subspace with 
respect to the Levi-Civita connection V, then we obtain the following result: 

Lemma 3.2. The curvature of A satisfies 



where Cij G A'^NS is the curvature ofV'. 

Lemma 3.3. Suppose that ji is constant and r is a section of the vector 
bundle A\NS such that VV = 0. Let 

u = (e^A^ + \y- evl"^)'^ [n {y - £v)k + ru {y - £v)i) e^. 
Then the covariant derivative of u satisfies the estimate 



FA{ei,ef) = -(e 



ViVk + A ^ VjA (y - ev)k + Oi^ki iv - £v)i) FA{e^, ef) 



and 




+ Cij + A{Cij{y-ev)), 



\\Dau\\c2(m) < 
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Hence, as we move away from the submanifold S, the connection A ap- 
proaches a fiat connection. Therefore, we can extend A trivially to M. 

Our aim is to derive estimates for Fa + A Fa) in C^(M). To this end, 
we assume that the glueing data (v, A, J,uj) satisfy the estimates 

||f ||C1,7(M)(5) < K, 

||A||(^i,7(M)(5) < K, inf A > 1, 
||(J,a;)||ci.7(M)(5) < K 
for some K > 0. All implicite constants will depend on K. 

Proposition 3.4. If the set {v,\,J,ui) is admissible, then we have the es- 
timate 

\\FA + *{^AFA)\\cjiM)<Ce\ 

Proof. Let Oq be a 4-form which defines an almost 5pin(7)-structure on 
M such that Q,{x) = ^q{x) for all x G and Vx^{x) = for all a; G S and 
X G NSx- Then we have the estimate 



\\FA + *{noAFA)\\qiM) 



< 


||-^A(ei,e2) + -F4 (63,64) 


-FA{ei,e^) 


-FA(.ei 


6f) 


\c?l{M) 


+ 


11-^^(61,63) - ^4(62,64) - 


-FA{ei,ei) 


+ FA{ei 


6f) 




+ 


\\FA{ei,e4) + Fa (62, 63) - 


-FA{ei,ei) 


- FA{ei 


ei) 


IqiM) 


+ 


\\FA{ei,ei)+FA{e2,ei) 


+ Fa(63,6^) 


+ FA{e4 


6f) 


IqiM) 


+ 


\\FA{ei,ei)-FA{e2,ei) 


- FA(63,ef ) 


+ FA(e4 




\QiM) 


+ 


\\FA{ei,ei) + FA{e2,ei:) 


-Fa (63, 6^) 


- Fa (64 




\q{m) 


+ 


\\FA{ei,ei)-FA{e2,ei) 


+ FA(e3,e^) 


- Fa (64, 


ei) 


\C^{M) 



Using the identities 

FA(e^,e^) + FA(e^,ei-) = 
FA(e^,e^) + FA(ef,e^) = 
FA(e^,ef) + FA(e^,e^) = 0, 

we obtain 

\\FA + *{noAFA)\y^M)<Ce^. 
Since = f^o + 0(|y|), we conclude that 

\\FA + *{nAFA)\\c;^M) < \\FA + *{noAFA)\\c;iM) + \\FA\\c2(M}<Cs\ 
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4 Estimates for the linearized operator in weighted 
Holder spaces 

Our aim in this section is to analyze the mapping properties of the hnearized 
operator La : n^{M) n\{M). 

As in Section 2, we define two vector bundles V C TS fS> NS and W C 
TS ® A^-S* ® NS over the submanifold S. Both vector bundles have rank 4. 
The following elements form a basis for V: 

ei (8) + 62 <8) + e3 (g) + 64 (8) ej:, 

6l (8) 6^ — 62 <8) 6]'" — 63 (g) 64" + 64 (8) 6^, 

61 (8) 63 + 62 (8 ef - 63 (g) e]^ — 64 (8) 6^, 
61 (8) 6^ — 62 (8 6^ + 63 (8 6^ — 64 (8) ei- 
Similarly, the following elements form a basis for W: 

61 (8 {ej- (8 6^ + 6^ (g) 6^ + 6^ (8) 63 + 6f (8 6f ) 
+ 62 <g (6^ (g 6^ — 6^ (8 6^ + 6^ (g 6^ — 6^ (8) 6^ ) 
+ 63 (g (6^ (g 6^ — 6^ (8 6^ — 65*" (g 6^ + 6^ (g) 6^ ) 
+ 64 (g (6^ (g 6]*" + 6^ (g 6^ — 6^ (g 6^ — 6]*" (g) 6^ ), 

61 (8 (6^ (8 6^ — 6^ (g 6^ + 6^ (g) 6^ — 6^ (g 6^) 

- 62 (g (6^ (g 6^ + 6^ (g 62 + 63 (g 63- + 6f (g) 6f ) 

- 63 (g (6^ (g 6^ + 6^ (g 6^ — 6^ (g 6^ — 6]*" 6^ ) 
+ 64 (g (63 (g 6]*" — 6^ (g 6^ — 65*" (g 6^ + 6^ (g) 6f ), 

61 (g) (63 ®ej; - ef 8) 63 - e^^ ® + g) ef ) 
+ 62 <g (6f (g 6]^ + 63 ig) 6^ - 6^ 8) 63 - e]^ ig) ef ) 

- 63 (g (6^ (g 65^ + 6^ (g) 6^ + 6^ «) 63 + ef (g) 6f ) 

- 64 8) (6^ 8) 6]^ — 6]^ ® 6^ + 6^ 8) 63 — 63 (g) 6^ ), 

61 (g) (ef (g) 6^ + 6^ «) - «) - ej; (g ef ) 

- 62 (8) (e;^ (g e]^ - ef (g) - e;]*- g) 63 + 62 (8> ef ) 
+ 63 g) (e^ g) - e]^ + ef g) 63 - 63 ® ef ) 

- 64 g) (6]^ g) 6^ + 62 ® 6^ + 63 (8 63 + ef (8) ej). 
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Proposition 4.1. Suppose that ip € C^_^^{M) is supported in the set {p G 
M : dist(p, S) < 26^} and satisfies 

/ Yl {£Sik + tiki{y - sv)i) {ip{ei,ef),FA{e-j^,ef)) =0 
Jns. 

for all X € S, s ^ Vx, and t € Wx- Then there exists a l-form a G C^^ui^) 
which is supported in the region {peM : dist(p, S) < 26'^} such that 



7 < c M\c;.^(M) 



and 

\\hAa - V'||cJ^^({peM:dist(p,5)<254}) < C S \\tp\\q^^(M)^ 



\^Aa - V'llcg^JM) < C I log(5| ^ ||V'llc3+, 



(My 



Proof. Let : 1 < i < Jo} be a partition of unity on S such that each 
function is supported in a ball Bs{pj), and 

\{l < j < jo ■■ X e B^s{Pj)}\ < C 

for all X G S" and some uniform constant C. For each 1 < j < jo, there 
exists a l-form a*^-') G C2!|]^j^(M) which is supported in the region {{x,y) G 
NS -.x e B25{pj), \y\ < 25^} such that 



and 



and 

IIL^^O) _ ^0) ^c;^^^^) <C\log d\-' IIC(^) Hq^^iM)- 

We now define 

jo 

Then we have the estimates 



\a\\^i,'y ( < C sup ||a^-^^|Li,7 . 



<C sup ||C(^')VI|C3-^ (M) 
<C||^IIC3V(M), 
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IIL^a - V'llCg', ^({pGM:dist(p,5)<254}) < C sup HL^a^-^^ - C*^^^ V'llc^ ({peM:dist(p,S)<254}) 

i<j<io 

<C5 sup ||C^^'V||c3V(M) 
< C6\ 



IlUa - Vllc3\ ,(M) < C sup llUaO-) - C^^') ncl^^iM) 

i<i<io 

<C|l0g(5|-l sup IK^^^IU (M) 
l<j<jo 

<c|iog5ri iiV'iic3V(M)- 

This proves the assertion. 

Proposition 4.2. For every VL-self-dual 2-form G Cj^^^iM), there exists 
a I- form a G C\'2u{M) such that 

and 

P^da = V'- 

Proof. We consider the eUiptic operator P+dd* : n\{M) n\{M). Its 
kernel is given by 

kev{P+dd* : J7^(M) ^ ^1{M)) = hI{M). 

Since the cohomology group H^{M) vanishes, the operator P^dd* : Q'^(M) — 
r2^(M) is invertible. Consequently, there exists a Jl-self-dual 2-form ip such 
that 

P+dd*(p = V'. 
We claim that 

ll'^llq\-^(M) <C\\P+dd*ip\\c^^^^^M)- 

By Schauder estimates, it suffices to show that 

sup (e + dist(p, 8))^+" \ip\ < C sup (e + dist(p, 8))^+" \P+dd*(p\. 

If this estimate fails, then there exists a sequence of positive real numbers 
Ej and a sequence of J7-self-dual 2-forms (p^-'^ G C'^'_^^{M) such that 

sup {sj + dist(;j, 5))^+^ |^(^) | = 1 
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and 

sup {ej + dist(p, 5))^+'^ iP+ddV^^^I ^ 0. 
Then there exists a sequence of points pj G M such that 

sup (£,■ + dist(p,-, S))^+^ \V>^'^{pj)\ > \. 

There are two possibihties: 

(i) Suppose that dist(pj,5) is bounded from below. After passing to a 
subsequence, we may assume that the sequence (p^^^ converges to a f2-self- 
dual 2-form 99 G ^\{M) such that 

sup dist(p,5)^+^|¥?| < 1 

and 

P+dd*ip = 0. 

Prom this it follows that if is smooth. Since the operator P+dd* : Cl\{M) ^ 
0^(M) has trivial kernel, it follows that = 0. This is a contradiction. 

(ii) We now assume that dist(j) j,S) — > 0. After rescaling and taking the 
limit, we obtain a fi-self-dual 2-form ip G r2^(R^) such that 

sup lyl^^" \<f \ < 1 

and 

P+dd*<f = 0. 

Thus, we conclude that <p = 0. This is a contradiction. 
This implies 

Letting a = d*ip, the assertion follows. 

Proposition 4.3. Suppose that ip G C2_^_^^{M) is supported in the region 
{p G M : dist(p, S*) > S^}. Then there exists a 1-form a G C2'^^^{M) which 
is supported in the region {p & M : dist(p, S) > S^} such that 

ll«llc,\^JM) ^ C II^IIC3V(M) 

and 

\\^Aa-^c-^^^^M)<c{\logS\-' + 6-^'e') mc^^jM)- 
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Proof. By Proposition 4.2, exists a 1-form a such that 
and 

2P+da = ip. 

Let r/ be a cut-off function such that r){p) = for dist(p, S) < S^, r}{p) = 1 
for dist(p, S) > 5'^ and 

sup dist(p, S) |Vr/| < C \ log(5|~^ 

Then the 1-form rya is supported in the region {p G M : dist(p, 5) > (5^} 
and satisfies 

||LA(r?a) - V||c^^_^(M) 

= 2 ||P+Da(??o) - r] P+da\\q^^(^M) 

< 2 \\P+DA{va) - P+d(?7a)||cj^j^) + 2 ||P+d(?7a) - 77P+da||cJ^JJ^^) 

< Cri6£2 ||a||c7^_^(^) + C|log(5|-i ||a||c^7^jM) 

< Cr^^e^ + C|log5|-i ||V'||c3V(M)- 
This proves the assertion. 

In the following, we will choose S = eie. Let k be a cut-off function such 
that k{p) = 1 for dist(p, S) < and k{p) = for dist(p, S) >2e4. 

Let gt''^{M) be the set of all G nl{M) such that e Ct'"'{M) and 

/ K V (esife-Fiiw(y-£i;)i) (V'(ei,e|),PA(efc,e|)) =0 
for all a; G S*, s G 14;, and t G VF^;. 

We denote by I — P the fibrewise projection from Cj(M) to the subspace 
Q2{M). Hence, if -0 is an O-self-dual 2-form, then the projection P'^ is of 
the form 

PV'(ei, ef) = K (e Sik + Uki {y - ev)i) FAie^, ef) 

for suitable s G F and t G W . Let 11 be the linear operator which assigns 
to every Q-self-dual 2-form ip the pair 

nv- = {s,t) ev®w. 

We shall need the following estimate for the operator norm of the projection 
operator P. 
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Proposition 4.4. For every VL-self-dual 2-form G CIj^^{M), we have the 
estimates 



and 



|nV'llc^(5) < C'e ^ " \\w\\cIj^^{m) 



Proof. This follows from [5], Proposition 5.4. 



Proposition 4.5. For everyip G Q2_^j^{M) there exists a 1-form a € C2^j^{M) 
such that 

and 

WhAO — th\\ ^ 1 < C WihWri (A,n, 

" C;J+,({p6A/;dist(p,5)<£3}) - ll'^IICa+^W' 

and 

W^Aa - ipWc^^jM) <C\loge\~^ U\\c2^^(M)- 
Proof. Apply Proposition 4.1 to Kip and Proposition 4.3 to (1 — k) ip. 



Proposition 4.6. For every Tp G Q2_^_^{AI) there exists a 1-form a G C^'^j^iM) 
such that 



and 

(I - P) Lac = tp. 

Furthermore, a satisfies the estimate 

||nLAa||c7(5) < Ce-2+^ UWq^^iM)- 

Proof. By Proposition 4.5, there exists an operator S : G^+ui^) 
C2?j^{M) such that 



and 

"3+ 



"Cj+^({pGM:dist(p,S)<£^}) - 'I'^IICa+^W' 
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and 

This implies 

||nL^svilc.(5) = l|n(L^sv - V')llc.(5) < c^-^+i^— ^ ii^iic3-^_^(m)- 

Prom this it fohows that 

||(I-P)L^SV- V'llcgVCM) <C\loge\-' ll^lkvw- 

Therefore, the operator (I - P)LaS : G^+^iM) ^3+^(M) is invertible. 
Hence, if we define 

o = S[(I-P) LaS]~^V, 
then a satisfies 

II^IIc^VJM) ^<^IIV'IIC3V(M) 

and 

(I - P) L^a = V- 
This proves the assertion. 

5 The nonlinear problem 

Proposition 5.1. For every approximate solution A, there exists a nearby 
connection A = A + a such that 

and 

(I-P)(F^ + *(nAF5)) = 0. 
Furthermore, a satisfies the estimate 

||nL^a||c7(5) < C£32. 
Proof. The connection A = A + a satisfies 

F^ + *{nAF£) = FA + *i^AFA) + DAa+*{nADAa) + [a,a] + *{nA[a,a]). 
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This implies 

+ *{Q A Fj) =Fa + *(0 a Fa) +2hAa + [a, a] + *(0 A [a, a]). 

According to Proposition 4.6, there exists an operator G : ^3+^(M) 
Cl'^^{M) such that 

ll^^lk\^{M)<^IIV'llc3V{M) 

and 

(I - P) La G = I. 
We now define a mapping $ : C2+^(M) ^ C2+^(M) by 

$(a) = G (I - P) (Fa + *(0 A F^)) - ^ G (I - P) ([a, a] + A [a, a])) . 

Then we have the estimate 

Il*(«)llc,\-JM) <C\\{I-F) {Fa + *in A Fa)) ||,.^_^(^) 

+ C II (I - P) ([a, a] + *{n A [a, a])) ||^,^_^(^) 



<C£-''-^||Fa + *(J^AFa)||c,7 



3+.(^) 



<Ce-'^-^||FA + *(J7AFA)||c3^^_^(M) 

2 



for all a G C2+^(M) satisfying 



i«llc,i-(M)<^^- 



Moreover, we have 

ma) - ^(aOlIc?- (M) < ^^"'^"^ - IIC3V(M) 



<C£4-2^-7||a_a |, 2 



for all a, a' G C2^^(M) satisfying 
II II II 'II - 

Hence, it follows from the contraction mapping principle that there exists a 
1-form a G Cl'^yiM) such that 
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and 

$(a) = a. 
Prom this it follows that 

G(I-P) + AFa)) +2a + G(I-P) {[a, a] + *{n A [a, a]) = 0, 

hence 

(I-P) {FA + *{nAFA)) +2{l-F)]LAa+{l-F) ([a,a] + *(^^ A [a,a]) = 0. 
Thus, we conclude that 

(I-P) (F^ + *(QAF^)) =0. 
This proves the assertion. 

Corollary 5.2. If A satisfies 
P(F^ + *(OAF^)) = 0, 
then A is an VL-anti-self-dual instanton, i.e. 
+ *{n A F^) = 0. 

6 The balancing condition 

By Corollary 5.2, the problem is reduced to finding a set of glueing data 
{v, A, J, Lo) such that 

P(F^ + *(J^AF^)) = 0. 

Our aim in this section is to derive a formula for the error term 

P(F^ + *(J^AF^)). 

Proposition 6.1. The curvature of A satisfies 

II{Fa + *(0o A Fa)) = 4 ( proj y ( ^ ® e^) , 

4 

proj w ( XI (^"^ '^^'^ ^''l + ^^''^') (g) ejt (g) e[ 

i,fc,i=l 
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Proof. This is a consequence of the identity 

FAiei,ef) = - (e "^iVk + A"^ VjA {y - ev)k + e^^u iv - £v)i) -^^(6^,6^). 

The covariant derivative of Q can be described by a 1-form a with values in 
A^TM. For every vector field X e TM, we write 

8 



k=l 



where a{X) G A^TM. Prom this it follows that 

8 
k=l 

where a{y) G A\TM. 



Proposition 6.2. The curvature of A satisfies 
Ii{FA + A Fa)) 

4 



- 4 ( proj y ( X] (^'^^ + "^'t.' ^fe ) ' 

4 



i,fe,i=l 

Proof. Using the identity 



k=l 



we obtain 



A Fa - ^^0 A -Fa - X ^efc"(y) ^ ^^k^o A -Pa 
fe=i 

This implies 

8 

nAFA-noAFA + Y^ ieMv) ^ {^0 A Fa) 



< Ce. 



C7(S) 



k=l 



- A X ^efca(y) A iefc-^A 
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hence 



* {n A Fa) - *{no afa) + Y^ ieMy) a ie^ * (^^o a Fa) 

k=: 



^ k=l 

Therefore, we obtain 



{Fa + *{n A Fa)) - {Fa + *(f^o A Fa)) + ^ie,a(y) A ie,{FA + *(^^o A Fa)) 

k=l 

8 / ^ \ 

- Yl ^^My) A ickFA - * mo A ^ ieMy) a ie^FA ] 
k=l ^ k=l ' 



According to Proposition 3.4, wc liave 
\\FA + *{noAFA)\\c;^M)<Ce^ 

hence 

8 

ieMv) A ie^ {Fa + *{^o A Fa)) 

k=l 

Moreover, we have 



8 / ^ \ 

3 ^ ieMy) A Zefci^A - *( J^O A ^ ieMy) A ^efc^^A j = 0. 
fe=l ^ fe=l ^ 



Thus, we conclude that 



{FA + *{nAFA))-{FA + *{noAFA))-iYieMy)^ietFA 

k=l 

The assertion follows now from Proposition 6.1. 

Proposition 6.3. The curvature of A satisfies 
U{F^ + *{nAF^)) 

iVk + aik,i vi) ei ^ e^^ , 



4(projy(^(V, 

4 

proj ( X] (-^"^ ^'-^ + + "''^'') (8) (8) e/ 



< C£32. 
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Proof. Using the estimate 
we obtain 

||n([a, a] + *(0 A [a, a])) ||^,(^^ < C^-^-''-^ || [a, a] + A [a, a])||cj^ ja/) 

< ^ -3-2i.-7 II ||2 



Moreover, we have 

||nLAa||c7(5) < Ce32. 
Hence, the assertion fohows from Proposition 6.2. 

Proof of Theorem 1.1. Let 

-E.iv, A, J, w) = n(F^ + A F^)). 

The first part of Theorem 1.1 follows from Proposition 5.2, the second part 
from Proposition 6.3. 



7 Discussion 

In this final section, we show how the first order balancing condition derived 
in this paper is related to the second order balancing condition in j5j. To 
this end, we assume that is parallel. Then the Riemann curvature tensor 
of M belongs to IS^TM ® t^_TM. Since S" is a Cayley submanifold, the 
second fundamental form of S satisfies 

/i(efc, 61,65^) + /i(efc, 62, e^) + /i(efc, 63, Cg) + /i(efc, 64, ef ) = 
/i(eA;, ei, e^) - h(e},, 62, e.{) - h{ek, 63, ef) + h{ek, 64, e^) = 
h{ek, ei, e^) + h{ek, 62, ef ) - h{ek, 63, e]^) - h{ek, 64, e^) = 
h{ek, ei, ef ) - /i(eA;, 62, Cg ) + /i(efc, 63, e^) - h{ek, 64, e^) = 0. 

We denote the curvature of the normal bundle NS by E. Using the Gauss 
equations, we obtain 

E{ei, ej,e-t,e^) = R{ei, ej,e^, e^) 
4 

- ^ h{em,ei,e-t) h{em,ej,e^) + h{em,ei,e^) /i(em, e^, ). 

m=l 
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Since Vfi = 0, the first part of the balancing condition becomes 

ViVi + V2V2 + V3f3 + = 

Vlf2 — V2V1 — V^Vi + V4f3 = 

Vi^s + V2V4 — Vaf 1 — V4f2 = 
V1V4 — V2V3 + V3V2 — V4V1 = 0. 

This imphes 

= Avi 

+ Vl'V2V2 - V2^lV2 + V3V4'y2 

+ ViVafa - VaVi^^s + V4V2V3 
+ V1V4V4 — ViViVi + V2V3t;4 



- V4V3?;2 

- V2V4?^3 

- yzV2V4 



= AV2 

— V1V2V1 + V2Vit'i — V3V4V1 + ViV^vi 

— ViV3f4 + VzVlV4 — V4V2f4 + V2V4t'4 
+ ViV4f3 - V4Vi?;3 + V2V3t;3 - V3V2?^3 

= Ai;3 

+ V1V2V4 - V2Vit'4 + V3V4V4 - V4V3t'4 

— ViVsfi + VsVi^^i — V4V2V1 + V2V4t'i 

— V1V4V2 + V4Vlt'2 — V2V3t;2 + V3V2t'2 
= AV4 

— V1V2V3 + '^2^lV2, — V3V4f3 + V4V3?;3 

+ ViV3Z;2 - V3Vlf2 + V4V2f2 - V2V4f2 

— ViV4t'i + ViVivi — V2V3t;i + V3V2t'i. 
Prom this it follows that 

= Aui 



+ {E{ei. 


,62, 




,62 ) + £^(63,64,61 


,62 ) +E{ei,e3, 




,6^) + £(64, 


62, 


4 


,4) 




+ E{ei,i 


24, ( 




ef) + E{e2,e3,ej;, 
















+ (^(ei. 


,63, 


.62^ 


,63) + £^(64,62,6^ 


,c4)+E{ei,e.u 


4- 


,ei-)+£(e2. 


63, 


4 


,6f)) 


V2 


+ {E{ei. 


,62, 


^63^ 


,62) + £(63,64,6^ 


,62) +E{ei,e4, 


4: 


.ef) +£(62, 


63, 


4 


,4)) 


V3 


+ {E{ei. 


,62, 


64" 


,62 ) + -E(e3,e4,ef 


,e^) + £(61,63, 


4- 


,6^) + £(64, 


62, 


4 


,4)) 


V4 
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= AV2 

+ (-E;(e3,ei,ef ,ef ) + £'(e2, 64, , ef ) + S(ei, 64, e]^, e^) + £^(e2, 63, e]^, ej|-)) vi 
+ (£;(e2,ei,e2 ,ef ) + £'(64, 63, 63 , e]^) + £^(63, ei, 63 , ef ) + £(e2, 64, e^, ef ) 

+ £(61,64,6^,63 ) +£(62,63,62 ,63 )) f2 

+ (£(62,61,63 ,6]^) + £(64,63,63 ,65^) + £(63,61,63 ,ef) + £(62,e4,e^,ef )) ^3 

+ (£(62,61,6^,65*-) +£(64,63,6^,65^) +£(61,64,6^,63 ) +£(62,63,6^,63 )) Vi 



= Aws 

+ (£(ei,62,6]^,6f ) + £(63,64,6]^,6f ) +£(64,61,65^,6^) +£(63,62,65^,6^)) Vi 
+ (£(61,62,6^,6^ ) + £(63,64,6^,6^ ) +£(63,61,6^,65^) +£(62,64,6^,65^)) V2 
+ (£(61,62,63 ,6f) + £(63,64,63 ,6f) +£(63,61,63 ,65^) +£(62,64,63 ,65^) 
+ £(64, 61, 6^, 62 ) + £(63, 62, 63 , 62 )) V'i 

+ (£(63, 61, 6f , 65^) + £(62, 64, 6f , 65^) + £(64, 61, 6^ , 6^) + £(63, 62, ef , 6^)) ^4 



= Ai;4 

+ (£(62,61,63^,63 ) +£(64,63,65^,63 ) +£(61,63,65^,6^) + £(64,62,65^,6^)) Vx 
+ (£(62,61,6^,63 ) +£(64,63,6^,63 ) +£(64,61,62 ,65^) + £(63,62,6^,65^)) V2 
+ (£(61,63,6^,6^) + £(64,62,6^,6^) + £(64,61,6^,65^) + £(63,62,63 ,65^)) 
+ (£(62,6i,ef ,6^) + £(64,63,6^,6^) + £(61,63,6^,6^) + £(64,62,6^,6^) 
+ £(64,61,6^,65*-) + £(63,62,6^,65*-)) V4^. 

Hence, we obtain 

4 4 

= /\vi + ^ h{ei,ej, ei) h{ei,ej, e^) Vk+^ R{ei, ei,e^,ei) Vk 

i,j,k=l i,k=l 



= Av2 + ^ h{ei,ej, e^) h{ei,ej, e^) Vk+^ R{ei, 6^, 6^ , 6^) t;^ 

i,j,k=l i,k=l 

4 4 
= At;3+ ^ /l(6i,6j-,63 )/l(6i,6j-,6fe)i;fc + ^ i?(6i,63 ,6^,6i)i;jt 
i,j,A;=l i,k=l 

4 4 

= Ai;4+ ^ h{ei,ej,ei)h{ei,ej,e]^)vk+ R{ei,ej,e-j^,ei)vk. 

i,j,k=l i,k=l 



28 



Furthermore, the second part of the balancing condition can be written in 
the form 

2\-^ VlA + (02,21 + 02,43) + (^3,31 + ^3,24) + (^4,41 + ^4,32) = 
(01,21 + ^1,43) — 2A~ V2A — (03,41 + 03,32) + (^4,31 + 04,24) = 
(^1,31 + 01,24) + (02,41 + 02,32) — 2A~^ V3A — (04,21 + 04,43) = 
(01,41 + 01,32) — (02,31 + 02,24) + (03,21 + 03,43) — 2A~''^ V4A = 0. 

This implies 

= 2A-^AA-2A-2|VAp 

+ Vi02,21 — V201,21 + Vl02,43 — V201,43 
+ V304,21 — V403,21 + V304,43 — V403,43 
+ Vi03,3i — V30i,3i + Vi03,24 — V30i,24 
+ V402,31 — V204,31 + V402,24 — V204,24 
+ Vi04,4i — V40i,4i + Vi04,32 — V40i,32 
+ V203,41 — V302,41 + V203,32 — V302,32, 

hence 

O = 2A-^AA-^|0p 

+ Vi02,21 ~ V201,21 + [01, 02]21 + Vl02,43 — V201,43 + [^1, ^2)43 
+ V304^21 — V403,21 + [03, 04]21 + V304,43 — V403,43 + [03, 04)43 
+ Vi03,3i — V30i,3i + [01, 03)31 + Vi03,24 — V30i,24 + [01, 03]24 
+ V402,31 — V204,31 + [^4, 02]31 + V402,24 — V204,24 + [04, 02]24 
+ Vl04,4l — V40l,4l + [01, 04]4l + Vi04,32 — V40l,32 + [01, 04]32 
+ V203,41 — V302,41 + [02,03]41 + V203,32 — V302,32 + [02,03]32- 

From this it follows that 
O = 2A-^AA-^|0p 

+ £;(ei,e2,e]'-,e^) + £;(ei, 62, e^, ef ) + £;(e3, 64, e^, e^) + ^(63, 64, eg , 
+ E{ei, 63, e^, e^) + E{ei, 63, ef , e^) + £;(e4, 62, e^^, 63 ) + £^(64, 62, ef , 63 
+ E{ei, 64, e^, ef ) + E{ei, 64, e^, e^) + E{e2,e3, e^, ef ) + E(e2, 63, e^, 63 

Using the identities 

E{ei, 62, 6^,62 ) + £^(63,64,6^,6^) + £(61,63,6^^,63) + £(64,62,6^,63) 

+ £(61, 64, ej-, 6f ) + £(62, 63, 6^, 6f ) 
4 4 

= ^ h{ei,ej, ei) h{ei, ej, e^) + ^ R{ei, e^, e^, e^) 

i,j=l 1=1 
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^(62,61,62 ,ei ) + £^(64,63,62 ,ei) + E{e3, 61,62 , £4 ) + £'(62,64,62 ,64 ) 

+ £^(61, 64, 62, 6^) + £;(62, 63, 62, 6^) 

4 4 
= ^ ^ /i(6j, 6j, 62) h{6i, 6j, 62) + ^ ^ R{&i, ^2 1 62"' 
i,j=l i=l 



£^(61,62,63 ,64 ) + £(63,64,63 ,64 ) +£^(63,61,63 ,61 ) +£;(62,64,63 ,61 ) 

+ £^(64,61,6^,6^) +£;(e3,62,6^,6^) 
4 4 

= X] Hei,ej,ei-)h{6i,6j,ei-) + ^ i?(ei, 6^, 63 , 6^) 

i,j=l i=l 



£^(62,61,64 ,63 ) +£^(64,63,64 ,63 ) +£;(6i,63,64 ,62 ) +£^(64,62,64 ,62 ) 

+ £{64,61,6^,61) + £{63,62,64 ,61) 

4 4 
= ^ ^ h{6i, 6j, 64 ) h{6i, 6j, 64 ) + ^ ^ R{6i, 6^ , 6^ , 6j), 
i,j=l i=l 

we obtain 

2£;(6l,62,6^,6^) + 2£'(ei,62,6^,6f ) + 2 £'(63, 64, 6^, 6^) + 2 £'(63, 64, 6^, 6^ 
+ 2£;(6l, 63, 65^,63 ) + 2 £(61, 63, 6^,62 ) + 2£;(64, 62, 65^,63 ) + 2£;(64,62,6f , 

+ 2 £{61,64,61 ,64) + 2 £{61,64,62 ,63) + 2 £{62,63,61 ,64) + 2 £{62, 63, 62, 

4 4 
= X] ^(ei>ei>efc)^(ei,ej,e^) + ^ i2(6i,6^,6^,6i). 

i,j,k=l i,k=l 

Thus, we conclude that 

4 4 
= 4A"^AA-|6'p+ ^ h{6i,ej,e-t)h{ei,ej,6-t)+^ R{ei,6-t,6-t,6i). 

i,j,k=l i,k=l 

A similar calculation gives 
4 

= J];(Vi0i + 2A-iV,A0i). 

Thus, the first order balancing condition implies the second order balancing 
condition derived in [Hj. 
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